Abstract: A nonlinear phase-field model has been developed for describing the electrodeposition process in electrochemical systems that are highly out of equilibrium.
Keywords: Nonlinear; phase-field; electrodeposition; Li-ion batteries Electrochemical deposition of metals and alloys is a versatile technique that enables the application of protective/conductive coatings on metallic or other conductive surfaces which involves the reduction of metal ions from aqueous, organic and fused-salt electrolytes. During the course of electrodeposition the surface of deposits usually becomes inhomogeneous and produces irregular shapes. Such complex self-organized patterns generated far from the equilibrium state have fascinated scientists for decades due to their remarkable effects on physical and chemical properties of the system. For example, in Li-ion batteries, the formation of Li deposits leads to a large decrease of reversible capacity and worst a short-circuiting phenomenon as deposits grow towards to the cathode. [1] [2] [3] [4] [5] During the electrodeposition process, it is believed that the morphology and growth of electrodeposits are mainly determined by the kinetics of the heterogeneous electrode reaction, electrode surface states, Ohmic potential drop and mass species transports in the electrochemical system. Therefore, it is critical to understand the underlying physical mechanisms of such complex non-equilibrium system and learn how to control morphologies and evolutions of those rough electrodeposits to improve the properties of materials.
Plenty of studies have been dedicated to study the morphology instability during electrodeposition processes. Experimental approaches were employed to study the formation mechanism and morphology of deposits such as transmission electron microscopy (TEM), 6, 7 optical microscopy, 8, 9 and in situ scanning electron microscopy (SEM). 10, 11 On the other hand, various of models including mathematical models [12] [13] [14] [15] [16] [17] and meso-scale models [18] [19] [20] [21] [22] [23] [24] have been developed to understand and predict the relationship between the deposit morphology and growth and the transport-reaction processes.
However, generally speaking, all existing models are either difficult to handle the electrode-electrolyte interface (EEI) evolution and its morphology change or only assuming a linear reaction kinetic or not capturing the electrochemical process at the moving interface from the physical nature.
In this letter, we present a nonlinear phase-field model for understanding the metal electrodeposition behaviors when the system is highly out of equilibrium. The Li electrodeposition at the anode in Li-ion batteries during the charging operation is taking as an example. The electrochemical reaction at the EEI, ionic species diffusion, and electric potential distribution are taken into account in this model. For simplicity, we don't consider the solid electrolyte interface (SEI) properties in this work although it plays an important role in the initiation or nucleation of deposits. 25 Two phases, metal phase (α phase) and electrolyte phase (β phase), are considered in the system. The metal phase is composed of pure Li, while the electrolyte phase includes cation (Li + ) and anion (PF 6 -) species, and electrons (e -) are assumed to be always supplied on the electrode surface as shown in Fig. 1 . The system is assumed to be isothermal. At the electrode surface Li + is deposited via the following chemical reaction,
where the forward reaction only occurs when the overpotential is greater than the equilibrium potential (0 V) or fast charging process (overcharge).
Based on the nonlinear phase-field equation developed for the EEI evolution, 26 the effects of local variations of reactant and product concentrations and overpotential on the interface evolutions are incorporated in the current model. As we known that the reaction kinetic at the electrode surface following the fundamental relationship is 27 Therefore, the nonlinear phase-field equation can be formulated as,
where the phase parameter ( ) t r, ξ is used to distinguish the electrolyte and electrode phases, Lσ is interface mobility, Lη is rate constant, and ∑ is the total interfacial free energy given by The electrolyte solution is assumed to be relative dilute. The diffusion of Li + and PF 6 -concentrations can be described as,
where c C and a C , 
. 29 Then we rewrite the Li + diffusion equation as,
where the diffusivity is ( ) ( ) ( ) ( ) 
, where ε is the thickness of EEI.
The flow of current is continuous everywhere. The current conservation is assumed in the system, which can be described as,
where the conductivity is ( ) ( ) ( ) ( ) 
, where i 0 is the exchange current density, Boundary conditions are given as follows. In Eq. (2), a constant current i n is applied at the
In Eq. (6), constant electric potentials are assumed at both the electrode and electrolyte sides. And the rest boundaries are zero-flux conditions. The Tridiagonal Matrix Algorithm (TDMA) is employed to solve equations in two dimensions. Parameters used are
The dimensionless rate constant is defined as ! = ! ! !"! ! . Other used parameters include the time step 0.005 * = t , the grid size ∆! = ∆! = 0.001.
We firstly start with a planar interface to illustrate the evolutions of phase parameter, Li + concentration and electric potential by solving three coupled Eqs. (2, 5, 6).
Simulation results along the x direction at two different time steps are shown in Fig. 2 .
Three variables develop diffuse interfaces across the EEI. Li + concentration in the vicinity of electrode is expected to be zero and gradually increases apart from the electrode, which is consistent with the experimental observations. 32 The total electric potential drop in the system includes three parts as shown in Fig.3, i. e., the potential drop in the electrolyte due to the ion conduction, the potential drop across the interface due to the electrochemical reaction and the Omic potential drop in the electrode where it is almost flat because of the high conductivity of Li. In a diffuse interface description, the overpotential is taken as a field which is obviously different from the sharp-interface model that is usually taken as a single value by the potential difference between the electrode and electrolyte as illustrated in Fig.2 . The overpotential is automatically taken as the driving force based on Eq. (2). The growth of Li deposit starts when the overpotential reaches zero. As shown in Fig. 2 the EEI moves along with time caused by depositing Li + on the electrode surface. The Li + concentration increases with time due to the amount of consuming of Li + at EEI is less than the amount of coming from the electrolyte side. We also observe that the maximum value of overpotential slightly increases along with time, 33 which corresponds to the reaction rate increase because of the increase of Li + concentration.
The calculated velocities of deposits as a function of time under different applied current densities and rate constants are shown in Fig. 3 . The velocity change is almost linear at the initial stage because of the small overpotential and low Li + concentration, but it is accelerated with respect to time as the deposit approaches the cathode side. 16, 34 Consistent with the mathematical model, the deposition velocity has a nonlinear relationship with the time. 16 At a constant reaction rate, the increase of current density leads to the increase of deposit velocity, and also the earlier nucleation and formation of deposits. Similarly, a larger deposit velocity is obtained under a faster reaction rate charged at a constant current density. As expected, for both large reaction rate and current density, the rate of Li deposition is high and leads to a rapid depletion of Li + in the system and form a thicker deposited film.
The current density at the tip of deposit related to the electrodeposition velocity can be 35 where V m is the molar volume of Li atom. Therefore, the current density at the tip of deposit has the same trend with the velocity. With the time increase, the current density produces a nonlinear relationship with the overpotential, which is considered to be satisfied the Butler-Volmer kinetics. The validation is performed by comparing phase-field results with the Butler-Volmer equation using the same concentration, which are given in Fig. 3 .
During the charging operation, the growth of surface is directly related to the local variation of current density. The current density in turn can be related to the Li + concentration and electric potential by reaction kinetics in which surface tension also appears. This results in a concentration gradient in the neighborhood of the electrode and/or the deposit. Figure 4 shows the evolution of a single deposit, as well as the Li + concentration and electric potential. It is well known that the SEI film has non-uniform ion conductivities. The transport and accumulation of Li + in the SEI layer leads to the nucleation and growth of Li deposits that may break the SEI film. Thus, the deposition points are the points where the higher Li + conductivity of SEI film. 36 We start with a seed particle to represent a single broken point of the SEI film. Along with time evolution, as shown in Fig. 4 , the deposit develops a fiber-like morphology whithout branching, which agrees with the experiemental observations. faster. Therefore, the front of Li deposit grows much faster than the behind once its initiallisation. Surface tension acts to stabilize the electrode surface but it is effective only for a very small wavelength perturbation. Figure 5 shows the effects of different current densities and rate constants on morphologies of formed deposits at a certain time step. The EEI is unstable for all cases.
The local inhomogeneities of deposits are expected to induce local variations of current density, hence of the concentration gradient. Because of the electrochemical reaction, the deposit grows with Li ions deposition. Simultaneously, part of Li ions can be deposited onto electrode surface to form the continuous dense lithium layer. However, the growth of dense layer is relatively slow compared with the growth of deposit due to the inhomogeneity of current densities. Very large current density and rate constant gives large deposit growth rate. Therefore, longer and thicker deposits are obtained at a larger current density than the smaller one as shown in Fig. 5 (a) . 40, 41 The deposits with kinks are also obtained at a larger current density caused by their faster growth and the interactions between nearby deposits. It is noteworthy that the growth of deposit has a very strong directional tendency. The existence of large concentration gradient in the front of the growing deposit accelerates its growth. 42 Our calculation results also indicate that the faster of Li + diffusion the denser of deposits are observed. Similarly, a larger rate constant leads to a faster electrodeposition and longer deposit as shown in Fig.5 (b) .
When the cell is discharging, the deposit is dissolved and mostly isolated from the base to form "dead lithium". As a result, the cell life becomes shorter due to the electrochemical inactive of "dead lithium" and consumption of active material. If the deposit morphology is formed as a dense layer, the Li-ion battery can have a longer life cycle and better thermal stability. Therefore, the optimization of the charging condition and electrolyte solution can effectively reduce the fiber-like deposit nucleation and growth to improve the cell's life.
In summary, a nonlinear phase-field model has been developed to capture the electrode-electrolyte interface motion and its morphology evolution during the electrochemical deposition involving highly non-equilibrium processes. Without considering the solid-electrolyte interface layer effect, the model can simulate and predict the Li deposit formation and growth in Li-ion batteries during the charging operation.
The electrodeposition rate implicitly follows the Butler-Volmer kinetic. To further consider the deposit formation on the graphite anode, the diffusion of Li inside the graphite needs to be incorporated in the current model. Beyond the Li electrodeposition in Li-ion batteries, our methodology can be used to simulate other non-equilibrium systems in which the electrochemical reaction and charge mass transfer play important roles, if involved interfaces are diffuse and time-dependent.
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